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I. Motivation

Probability amplitudes are computed by ``summing’’ 
(as in a path integral) over metrics on some spacetime 𝑌𝑌

exp{ − 𝐺𝐺𝑁𝑁
16𝜋𝜋2 ∫𝑌𝑌ℛ 𝑔𝑔 𝑣𝑣𝑣𝑣𝑣𝑣 𝑔𝑔 + . . . }

If we sum over metrics, should we 
also sum over topologies? 

A longstanding problem in quantum gravity: 



Puzzles In AdS/CFT
There are hyperbolic 𝑌𝑌 where 𝜕𝜕𝑌𝑌 has 

multiple connected components.  

⇒ Puzzling aspects of the AdS/CFT correspondence -
the ``factorization problem’’  [Yau & Witten 1999; Maldacena & Maoz 2004] 

Saad-Shenker-Stanford [1903.11115] identifies sum of 
topologies in``JT gravity’’ with a matrix model:  

Raises conceptual questions about whether string theory 
should be dual to an ensemble of QFTs. 



Motivated by these issues, and the recent vigorous discussion in 
the quantum gravity community, D. Marolf and H. Maxfield

recently [2002.08950]  considered a curious 
``topological model of 2d gravity.’’ 

An essential part of their discussion involved summing over 
topologies with disconnected components.

My project with Anindya Banerjee was motivated by the desire 
to understand the MM model in terms of standard TQFT. 
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II.  Reminders On TQFT 
Definition of a ``bordism’’ 

A bordism 𝑌𝑌:𝑋𝑋𝑖𝑖𝑖𝑖 → 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜 is: 

A 𝑑𝑑-manifold 𝑌𝑌 together with a disjoint decomposition 𝜕𝜕𝑌𝑌 = 𝜕𝜕𝑌𝑌 𝑖𝑖𝑖𝑖 ∐ 𝜕𝜕𝑌𝑌 𝑜𝑜𝑜𝑜𝑜𝑜

Diffeomorphisms  𝜕𝜕𝑌𝑌 𝑖𝑖𝑖𝑖 ≅ 𝑋𝑋𝑖𝑖𝑖𝑖 & 𝜕𝜕𝑌𝑌 𝑜𝑜𝑜𝑜𝑜𝑜 ≅ 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜

Embeddings     𝑋𝑋𝑖𝑖𝑖𝑖 × 0,1 → 𝑌𝑌 & 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜 × −1, 0 → 𝑌𝑌

which reduce to the specified diffeos on the boundary of  𝑌𝑌

Let 𝑋𝑋𝑖𝑖𝑖𝑖,𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜 be smooth, compact manifolds of dimension 𝑑𝑑 − 1.



𝑋𝑋𝑖𝑖𝑖𝑖 = �
1

3

𝑝𝑝𝑝𝑝 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜 = �
1

5

𝑝𝑝𝑝𝑝𝑌𝑌: →

There are 105 
such bordisms. 

+ infinitely many more 
including disjoint 
unions with circles…. 



Bordisms are morphisms in a category  𝔅𝔅𝔅𝔅𝔅𝔅𝔡𝔡 𝑑𝑑,𝑑𝑑−1
A TQFT (in this talk) is a monoidal functor 𝒵𝒵 to the category 

𝑉𝑉𝑉𝑉𝑉𝑉𝑇𝑇𝜅𝜅 of vector spaces over a field 𝜅𝜅

𝒵𝒵 𝑋𝑋 : Vector space of ``states’’ for spatial manifold 𝑋𝑋

𝒵𝒵(𝑋𝑋1 ∐𝑋𝑋2) ≅ 𝒵𝒵 𝑋𝑋1 ⊗ 𝒵𝒵 𝑋𝑋2

𝑌𝑌:𝑋𝑋𝑖𝑖𝑖𝑖 → 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜
𝒵𝒵 𝑌𝑌 ∈ 𝐻𝐻𝑣𝑣𝐻𝐻 𝒵𝒵 𝑋𝑋𝑖𝑖𝑖𝑖 ,𝒵𝒵 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜

𝒵𝒵 𝑌𝑌1 ∘ 𝑌𝑌2 = 𝒵𝒵 𝑌𝑌1 ∘ 𝒵𝒵 𝑌𝑌2
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III.  Summed & Total Amplitudes: Splitting Property 

Recall we can have different bordisms between fixed 𝑋𝑋𝑖𝑖𝑖𝑖 and 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜

Given a TQFT  𝒵𝒵 (the ``seed TQFT’’)  define the ``summed amplitude’’ 

𝒜𝒜 𝑋𝑋𝑖𝑖𝑖𝑖,𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜 ≔ �
𝑌𝑌:𝑋𝑋𝑖𝑖𝑖𝑖→𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜

𝒵𝒵 𝑌𝑌
𝐴𝐴𝐴𝐴𝑝𝑝 𝑌𝑌

𝐴𝐴𝐴𝐴𝑝𝑝 𝑌𝑌 : Automorphism group of homeomorphism type 
restricting to the  identity on the boundary. 



𝒜𝒜 𝑋𝑋𝑖𝑖𝑖𝑖,𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜 ≔ �
𝑌𝑌:𝑋𝑋𝑖𝑖𝑖𝑖→𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜

𝒵𝒵 𝑌𝑌
𝐴𝐴𝐴𝐴𝑝𝑝 𝑌𝑌

∈ 𝐻𝐻𝑣𝑣𝐻𝐻 𝒵𝒵 𝑋𝑋𝑖𝑖𝑖𝑖 ,𝒵𝒵 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜

Some Questions: 

1. Does it exist? 

2. Is it computable?  

3. What properties does it have ?  

4. Extension to the fully local TQFT ?  



Some Answers: 
1.  It exists for d=1,2 and does not exist for 
𝑑𝑑 ≥ 3 , at least not in the most naïve sense…

2. Yes, when it exists. 

3. From explicit computations:  Splitting Property  

4. For d=2, this is the extension to open-closed TQFT. 



The Total Amplitude 

Consider all summed amplitudes simultaneously as a linear 
transformation on the tensor algebra: 

𝒜𝒜 ∈ 𝑉𝑉𝐸𝐸𝑑𝑑 𝑇𝑇∗ ⊕𝑋𝑋 𝒵𝒵 𝑋𝑋
⊕𝑋𝑋 ∶ Direct sum over all smooth connected (d-1)-manifolds

(up to diffomorphism - a countable sum ) 

The summed amplitudes descend to 

�̅�𝒜 ∈ 𝑉𝑉𝐸𝐸𝑑𝑑 𝑆𝑆∗ ⊕𝑋𝑋 𝒵𝒵 𝑋𝑋 ∶= 𝑉𝑉𝐸𝐸𝑑𝑑 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵



The Splitting Property

For 𝜅𝜅 = ℂ we can put an inner product 
structure on 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 and there exists an 

inner product space 𝒲𝒲 such that 

�̅�𝒜 = ΦΦ∗

Φ:𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 → 𝒲𝒲



Our Convention: 

𝐻𝐻𝑣𝑣𝐻𝐻 𝑉𝑉1,𝑉𝑉2 ≅ 𝑉𝑉1∨ ⊗ 𝑉𝑉2

𝑇𝑇12 ∈ 𝐻𝐻𝑣𝑣𝐻𝐻 𝑉𝑉1,𝑉𝑉2 𝑇𝑇23 ∈ 𝐻𝐻𝑣𝑣𝐻𝐻 𝑉𝑉2,𝑉𝑉3

𝑇𝑇12𝑇𝑇23 ∈ 𝐻𝐻𝑣𝑣𝐻𝐻 𝑉𝑉1,𝑉𝑉3

𝑇𝑇12 ⊗ 𝑇𝑇23 ∈ 𝑉𝑉1∨ ⊗ 𝑉𝑉2 ⊗ 𝑉𝑉2∨ ⊗ 𝑉𝑉3 ↦ 𝑇𝑇12𝑇𝑇23 ∈ 𝑉𝑉1∨ ⊗ 𝑉𝑉3



1. �̅�𝒜 need not be positive definite. 

2. Even if existence is trivial , explicitly finding 𝒲𝒲
and Φ in examples seems to be slightly nontrivial.

3. 𝒲𝒲 is not unique:   𝒲𝒲 →⊕𝛼𝛼 𝒲𝒲𝛼𝛼

Φ →⊕𝛼𝛼 𝑝𝑝𝛼𝛼Φ𝛼𝛼 �𝑝𝑝𝛼𝛼 = 1

�̅�𝒜 = ΦΦ∗



4. There might be a ``minimal’’  𝒲𝒲𝑚𝑚

𝒲𝒲

𝒲𝒲𝑚𝑚

𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵

Φ𝒲𝒲𝑚𝑚 Φ𝒲𝒲𝑚𝑚
∗

Φ Φ∗
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IV.  Example: d=1, unoriented

𝒵𝒵 is determined by a f.d. vector space  
𝑉𝑉 = 𝒵𝒵 𝑝𝑝𝑝𝑝 and a symmetric nondegenerate 

bilinear form 𝑏𝑏:𝑉𝑉 ⊗ 𝑉𝑉 → 𝜅𝜅



𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 = 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝑉𝑉 = 𝑆𝑆∗𝑉𝑉 = 𝜅𝜅 ⊕ 𝑉𝑉 ⊕ 𝑆𝑆2𝑉𝑉 ⊕⋯

Start with 𝑋𝑋𝑖𝑖𝑖𝑖 = 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜 = ∅ 𝒵𝒵 𝑆𝑆1 = dim𝜅𝜅 𝑉𝑉

𝒜𝒜 ∅,∅ = exp dim𝜅𝜅 𝑉𝑉



HH vector:  The sum of nothing to something: 

HH covector:  The sum of anything to nothing: 

𝜅𝜅 ↪ 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 → 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 ∶ 1 ↦ Ψ𝐻𝐻𝐻𝐻 ∈ 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵
�̅�𝒜

𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 → 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 → 𝜅𝜅 ∶ Ψ𝐻𝐻𝐻𝐻∨ ∈ 𝐻𝐻𝑣𝑣𝐻𝐻 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 , 𝜅𝜅�̅�𝒜

Hartle-Hawking Vector & Covector



Simplest example:  Suppose dim𝑉𝑉 = 1
Take 𝜅𝜅 = ℂ and choose 𝑣𝑣 with 𝑏𝑏 𝑣𝑣, 𝑣𝑣 = 1

Ψ𝐻𝐻𝐻𝐻∨ = exp 1 �
𝑖𝑖=0

∞
2𝐸𝐸 !
𝐸𝐸! 2𝑖𝑖

𝑣𝑣∨ 2𝑖𝑖 ∈ 𝑆𝑆∗𝑉𝑉∨

+ +



Nondegenerate 𝑏𝑏 ⇒ canonical isomorphisms 

𝑏𝑏∨:𝑉𝑉 → 𝑉𝑉∨ 𝑏𝑏∨:𝑉𝑉∨ → 𝑉𝑉

𝑏𝑏∨ ∘ 𝒜𝒜 𝐸𝐸𝑖𝑖 ,𝐸𝐸𝑜𝑜 = 𝒜𝒜 𝐸𝐸𝑖𝑖 + 1 ,𝐸𝐸0 − 1

𝒜𝒜 2,4



�̅�𝒜 = exp 1 �
𝑖𝑖𝑖𝑖𝑖𝑖+𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜=2𝑖𝑖

∞
2𝐸𝐸 !
𝐸𝐸! 2𝑖𝑖

𝑣𝑣∨ 𝑖𝑖𝑖𝑖𝑖𝑖 ⊗ 𝑣𝑣𝑖𝑖𝑜𝑜𝑜𝑜𝑜𝑜

∈ 𝑆𝑆∗𝑉𝑉∨ ⊗ 𝑆𝑆∗𝑉𝑉 ≅ 𝑉𝑉𝐸𝐸𝑑𝑑 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝑉𝑉



Splitting
2𝐸𝐸 !
𝐸𝐸! 2𝑖𝑖

= �
𝑑𝑑𝑑
2𝜋𝜋

𝑑2𝑖𝑖 𝑒𝑒−
1
2ℎ

2

𝜓𝜓𝑖𝑖 = 2𝜋𝜋 −14𝑑𝑖𝑖𝑒𝑒−
1
4ℎ

2
∈ 𝐿𝐿2 ℝ = 𝒲𝒲

Φ = exp 1
2
∑𝑖𝑖 𝑣𝑣∨ 𝑖𝑖 ⊗ 𝜓𝜓𝑖𝑖 ∈ 𝐻𝐻𝑣𝑣𝐻𝐻 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝑉𝑉 ,𝒲𝒲

𝜓𝜓𝑖𝑖,𝜓𝜓𝑚𝑚 = 𝛿𝛿𝑖𝑖+𝑚𝑚=0 2
2𝑖𝑖+2𝑚𝑚 !

𝑖𝑖+𝑚𝑚 !2𝑖𝑖+𝑚𝑚

Wick’s theorem: 



Generalizes to dim𝑉𝑉 > 1

Ψ𝐻𝐻𝐻𝐻∨ 𝑒𝑒𝑣𝑣 = exp[dim𝑉𝑉 +
1
2
𝑏𝑏 𝑣𝑣, 𝑣𝑣 ]

Ψ𝐻𝐻𝐻𝐻∨ is multilinear & totally symmetric ⇒
determined by values on the diagonal.  

Results can be extended to oriented d=1 theory     
𝒵𝒵 determined solely by a single vector space V

𝑣𝑣 ∈ 𝑉𝑉

𝒵𝒵 𝑝𝑝𝑝𝑝− = 𝑉𝑉∨𝒵𝒵 𝑝𝑝𝑝𝑝+ = 𝑉𝑉 𝒲𝒲 = 𝐿𝐿2(𝑇𝑇2)
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[Friedan, Dijkgraaf, Segal,… ]  

𝒵𝒵 𝑆𝑆1 = 𝒞𝒞: f.d. commutative Frobenius algebra 

𝒵𝒵 𝐷𝐷𝐷𝐷𝐷𝐷𝐹𝐹 : 𝜃𝜃𝒞𝒞:𝒞𝒞 → 𝜅𝜅

𝑏𝑏 𝜙𝜙1,𝜙𝜙2 = 𝜃𝜃𝒞𝒞 𝜙𝜙1𝜙𝜙2 :   Symmetric nondegenerate form 

Open-closed case discussed later. 

V.  Example: d=2 & Oriented 

Complete proof of the sewing theorem (including equivariant case):  Moore & Segal 2002  



Closed 

Open-closed  

Semisimple Non-semisimple

Yes

Yes

Examples

????



𝒵𝒵(𝑆𝑆1) Semisimple 

𝒞𝒞 = ⊕𝑥𝑥∈𝒳𝒳 𝒞𝒞𝑥𝑥
𝜀𝜀𝑥𝑥𝜀𝜀𝑦𝑦 = 𝛿𝛿𝑥𝑥,𝑦𝑦𝜀𝜀𝑥𝑥

2d Topological String Theory with target space
𝒳𝒳 = 𝑆𝑆𝑝𝑝𝑒𝑒𝐹𝐹 𝒞𝒞 and dilaton 𝜃𝜃𝑥𝑥 = 𝑔𝑔𝑠𝑠𝑜𝑜𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠,𝑥𝑥

−2

= ⊕𝑥𝑥∈𝒳𝒳 ℂ𝜀𝜀𝑥𝑥

𝜃𝜃 𝜀𝜀𝑥𝑥 = 𝜃𝜃𝑥𝑥 ∈ 𝜅𝜅∗



�̅�𝒜 ∅,∅ = exp 𝒵𝒵 𝑌𝑌0 + 𝒵𝒵 𝑌𝑌1 + ⋯

= exp( 𝜃𝜃𝒞𝒞
1

1−ℎ
)

𝑑 ∈ 𝒞𝒞 ∶ Handle-adding element defined by 
the one-hole torus with one outgoing 𝑆𝑆1

= exp �
𝑥𝑥∈𝒳𝒳

𝜆𝜆𝑥𝑥

𝜆𝜆𝑥𝑥 =
𝜃𝜃𝑥𝑥

1 − 𝜃𝜃𝑥𝑥−1
= 𝑔𝑔𝑥𝑥−2 + 1 + 𝑔𝑔𝑥𝑥2 + ⋯



�̅�𝒜 𝑆𝑆1∐𝑆𝑆1,∅ 𝜙𝜙1,𝜙𝜙2 = ?

Bordisms with one connected component: 

𝜙𝜙1 ⊗ 𝜙𝜙2 ↦ 𝑧𝑧1𝑧𝑧2𝜆𝜆

𝜙𝜙1 = 𝑧𝑧1𝜀𝜀, 𝜙𝜙2 = 𝑧𝑧2𝜀𝜀 ∈ 𝒞𝒞For simplicity: Take dim𝒞𝒞 = 1

Bordisms with one connected component and 𝐸𝐸 ingoing circles: 

𝜙𝜙1 ⊗⋯⊗𝜙𝜙𝑖𝑖 ↦ 𝑧𝑧1 ⋯𝑧𝑧𝑖𝑖 𝜆𝜆



Returning to 2 ingoing circles: We can also have 
bordisms with two connected components: 

𝜙𝜙1 ⊗ 𝜙𝜙2 ↦ 𝑧𝑧1𝑧𝑧2𝜆𝜆2

Altogether:  �̅�𝒜 2,0 𝜙𝜙1,𝜙𝜙2 = 𝑧𝑧1𝑧𝑧2 𝑒𝑒𝜆𝜆 𝜆𝜆 + 𝜆𝜆2

= 𝑧𝑧1𝑧𝑧2 𝑒𝑒𝜆𝜆𝐵𝐵2 𝜆𝜆
Marolf-Maxfield recognize 
𝐵𝐵2 𝜆𝜆 as a Bell polynomial 



Bell Polynomials 
𝐵𝐵𝑖𝑖 𝑥𝑥1, … , 𝑥𝑥𝑖𝑖 : A polynomial that counts the ways 

a set of 𝐸𝐸 elements can be partitioned

Coefficient of 𝑥𝑥1
𝑘𝑘1𝑥𝑥2

𝑘𝑘2 ⋯ : counts disjoint decompositions with 

𝐹𝐹1 subsets of cardinality 1

𝐹𝐹2 subsets of cardinality 2
Etc. 

𝐵𝐵𝑖𝑖 𝜆𝜆 ≔ 𝐵𝐵𝑖𝑖 𝜆𝜆, 𝜆𝜆, … , 𝜆𝜆 (Touchard polynomials) 



Dividing a bordism ∐1
𝑖𝑖 𝑆𝑆1 → ∅ into connected 

components will have 𝐹𝐹𝑗𝑗 connected components 
with 𝑗𝑗 ingoing circles. Each such component, when 
summed over handles gives a factor of 𝜆𝜆

Ψ𝐻𝐻𝐻𝐻∨ = 𝑒𝑒𝜆𝜆 �
𝑖𝑖=0

∞

𝐵𝐵𝑖𝑖 𝜆𝜆 𝜀𝜀∨ 𝑖𝑖

Upshot is: 



Applying 𝑏𝑏∨

�̅�𝒜 = 𝑒𝑒𝜆𝜆 �
𝑖𝑖𝑖𝑖,𝑖𝑖𝑜𝑜

𝐵𝐵𝑖𝑖𝑖𝑖+𝑖𝑖𝑜𝑜 𝜆𝜆 𝜀𝜀∨ 𝑖𝑖𝑖𝑖 ⊗
𝜀𝜀
𝜃𝜃

𝑖𝑖𝑜𝑜

𝑒𝑒𝜆𝜆𝐵𝐵𝑖𝑖 𝜆𝜆 = �
𝑑𝑑=0

∞
𝜆𝜆𝑑𝑑

𝑑𝑑!
𝑑𝑑𝑖𝑖

Used extensively in the Marolf-Maxfield paper. 



𝑒𝑒𝜆𝜆𝐵𝐵𝑖𝑖 𝜆𝜆 = �
𝑑𝑑=0

∞
𝜆𝜆𝑑𝑑

𝑑𝑑!
𝑑𝑑𝑖𝑖

�̅�𝒜 = �
𝑖𝑖𝑖𝑖,𝑖𝑖𝑜𝑜≥0

𝜀𝜀∨ ⊗𝑖𝑖𝑖𝑖 (�
𝑑𝑑=0

∞
𝜆𝜆𝑑𝑑

𝑑𝑑!
𝑑𝑑𝑖𝑖𝑖𝑖+𝑖𝑖𝑜𝑜 ) ⊗

𝜀𝜀
𝜃𝜃

⊗𝑖𝑖𝑜𝑜

�̅�𝒜 = 𝑒𝑒𝜆𝜆 �
𝑖𝑖𝑖𝑖,𝑖𝑖𝑜𝑜

𝐵𝐵𝑖𝑖𝑖𝑖+𝑖𝑖𝑜𝑜 𝜆𝜆 𝜀𝜀∨ 𝑖𝑖𝑖𝑖 ⊗
𝜀𝜀
𝜃𝜃

𝑖𝑖𝑜𝑜



Frobenius structure gives canonical  
sesquilinear form 

�̅�𝒜 = ΦΦ∗ Φ = �
ℓ,𝑑𝑑∈ℤ+

𝜆𝜆𝑑𝑑

𝑑𝑑!
𝑑𝑑 𝜀𝜀∨ ℓ ⊗

𝜀𝜀
𝜃𝜃

𝑑𝑑

𝜀𝜀∗ = 𝜃𝜃𝜀𝜀∨ 𝜀𝜀∨ ∗ = 𝜃𝜃∗ −1 𝜀𝜀

𝒲𝒲 = 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒞𝒞
For 𝜃𝜃 real, but not necessarily positive, 



Φ⊗Φ∗ = �
ℓ𝑖𝑖,𝑑𝑑𝑖𝑖,ℓ𝑜𝑜,𝑑𝑑𝑜𝑜

𝜆𝜆𝑑𝑑𝑖𝑖
𝑑𝑑𝑖𝑖!

�̅�𝜆𝑑𝑑𝑜𝑜
𝑑𝑑𝑜𝑜!

𝑑𝑑𝑖𝑖 𝜀𝜀∨ ℓ𝑖𝑖 ⊗
𝜀𝜀
𝜃𝜃

𝑑𝑑𝑖𝑖
⊗

𝜃𝜃

�̅�𝜃
𝜀𝜀∨

𝑑𝑑𝑜𝑜

⊗
𝑑𝑑𝑜𝑜
�̅�𝜃
𝜀𝜀

ℓ𝑜𝑜

Contracting inner two factors puts  𝑑𝑑𝑖𝑖 = 𝑑𝑑𝑜𝑜
and recovers �̅�𝒜 if 𝜃𝜃 is real. 



𝑒𝑒𝜆𝜆𝐵𝐵𝑖𝑖 𝜆𝜆 = 〈Ψ𝜆𝜆,𝑁𝑁𝑖𝑖 Ψ𝜆𝜆〉

Ψ𝜆𝜆: = exp 𝜆𝜆 𝑎𝑎∗ |0〉

𝑎𝑎,𝑎𝑎∗ = 1

Relation To Coherent States - 1/2

𝑁𝑁: = 𝑎𝑎∗𝑎𝑎

1
𝑑𝑑!

𝑎𝑎∗ 𝑑𝑑 0 ≔ |𝑑𝑑〉 ↔
𝜀𝜀
𝜃𝜃

𝑑𝑑

∈ 𝑆𝑆𝑑𝑑𝒞𝒞



𝑍𝑍𝑎𝑎𝑖𝑖𝑖𝑖:𝒲𝒲 → 𝒞𝒞∨ ⊗

𝑍𝑍𝑐𝑐𝑠𝑠:𝒲𝒲∨ → 𝒲𝒲∨ ⊗ 𝒞𝒞

𝑑𝑑 ↦ 𝑑𝑑 𝜀𝜀∨ ⊗ 𝑑𝑑

𝑑𝑑 ↦ 𝑑𝑑 ⊗
𝑑𝑑
𝜃𝜃
𝜀𝜀

�̅�𝒜 = Ψ𝜆𝜆 ,
1

1 − 𝑍𝑍𝑐𝑐𝑠𝑠
1

1 − 𝑍𝑍𝑎𝑎𝑖𝑖𝑖𝑖
Ψ𝜆𝜆

∈ 𝑆𝑆∗𝒞𝒞∨ ⊗ 𝑆𝑆∗𝒞𝒞 ≅ 𝑉𝑉𝐸𝐸𝑑𝑑 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒞𝒞

𝒲𝒲

Relation To Coherent States - 2/2



In some sense 𝒲𝒲 is the Hilbert space of a 
``dual quantum mechanical system’’ to the 

``quantum gravity theory.’’ 

�̅�𝒜 =
1

1 − 𝑍𝑍𝑐𝑐𝑠𝑠
Ψ𝜆𝜆 ,

1
1 − 𝑍𝑍𝑎𝑎𝑖𝑖𝑖𝑖

Ψ𝜆𝜆 ∈ 𝑉𝑉𝐸𝐸𝑑𝑑 𝑆𝑆∗𝒞𝒞



Digression: Formulae are reminiscent of 
``quantum mechanics with noncommutative amplitudes’’  

Standard QM:   𝜓𝜓1,𝜓𝜓2 ∈ ℂ

QMNA:   Ψ1,Ψ2 ∈ some 𝑉𝑉∗ −algebra 

Born Rule ?  

i.e.   Ψ in  a Hilbert C* module  ℰ



Consider ``adjointable operators’’ 

Definition: QMNA observables are self-adjoint elements of 𝔅𝔅

The adjointable operators 𝔅𝔅 are another C* algebra. 

Definition: A QMNA state is a 
completely positive unital map 



QMNA Born Rule 
Main insight is that we should regard the Born Rule as a map 

For general 𝔄𝔄 the datum 𝜔𝜔 ∈ 𝒮𝒮(𝔄𝔄) together 
with complete positivity of 𝜑𝜑 give just the right 
information to state a Born rule in general:  

Presenter
Presentation Notes
Just say that this works very well with the case of a commutative base. 



Family of quantum systems over a noncommutative space. 

Reinterpret various constructions in quantum information 
theory in terms of noncommutative geometry 

END OF DIGRESSION 
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VI. d=2   Open-Closed: Oriented,  Semi-simple 

In/out manifolds are disjoint unions of circles 
and oriented intervals 

The intervals are 1-morphisms 
in a category (of manifolds with corners) 

𝒵𝒵 𝐼𝐼𝑎𝑎𝑎𝑎 = 𝐻𝐻𝑣𝑣𝐻𝐻 𝑎𝑎, 𝑏𝑏 ≔ 𝒪𝒪𝑎𝑎𝑎𝑎

𝑎𝑎, 𝑏𝑏 are objects in a category of 
boundary conditions. 

[Moore 
& Segal]

𝑎𝑎

𝑏𝑏



The surfaces are now 2-morphisms in a 2-category 

𝜕𝜕𝑌𝑌 = 𝜕𝜕𝑌𝑌 𝑖𝑖𝑖𝑖 � 𝜕𝜕𝑌𝑌 𝑜𝑜𝑜𝑜𝑜𝑜 � 𝜕𝜕𝑌𝑌 𝑐𝑐𝑜𝑜𝑖𝑖𝑠𝑠𝑜𝑜𝑠𝑠𝑎𝑎𝑖𝑖𝑖𝑖𝑐𝑐𝑑𝑑

𝑌𝑌



We can also have closed constrained boundaries

Three conceptually distinct kinds of boundaries 

1.Ingoing/outgoing circles & intervals  

2. Constrained boundaries connecting in/out  endpoints  
to in and/or out endpoints of intervals 

3. Closed constrained boundaries 



Splitting Formula - Simplest Case

For simplicity (we can relax all these conditions): 

1. dim𝒞𝒞 = 1

2. All constrained boundaries are labeled with 
single b.c. 𝑎𝑎 with 𝐻𝐻𝑣𝑣𝐻𝐻 𝑎𝑎,𝑎𝑎 = 𝒪𝒪𝑎𝑎𝑎𝑎

3. No closed constrained boundaries 

4. All in/out manifolds are intervals  𝐼𝐼𝑎𝑎𝑎𝑎



𝜇𝜇−1 = open string coupling:     𝜇𝜇2 = 𝜃𝜃

For  𝜇𝜇 real,  𝜃𝜃 > 0

Φ: 𝑆𝑆∗𝒪𝒪𝑎𝑎𝑎𝑎 → 𝐿𝐿2 ℰ𝑁𝑁𝑎𝑎

ℰ𝑁𝑁𝑎𝑎 = vector space of 𝑁𝑁𝑎𝑎 × 𝑁𝑁𝑎𝑎 Hermitian matrices 

``Cardy condition’’ implies 𝒪𝒪𝑎𝑎𝑎𝑎 ≅ 𝑀𝑀𝑎𝑎𝑝𝑝𝑁𝑁𝑎𝑎×𝑁𝑁𝑎𝑎 ℂ [Moore&Segal]

�̅�𝒜 = ΦΦ∗



Φ = �
𝑖𝑖

�
𝑆𝑆= 𝑖𝑖1𝑗𝑗1,𝑖𝑖2𝑗𝑗2,…𝑖𝑖𝑖𝑖𝑗𝑗𝑖𝑖

�
𝑎𝑎=1

𝑖𝑖

𝑒𝑒𝑖𝑖𝑎𝑎𝑗𝑗𝑎𝑎
∨

�
ℰ𝑁𝑁𝑎𝑎

𝑑𝑑𝐻𝐻 𝑒𝑒−
1
2𝑈𝑈 𝐻𝐻 �

𝑎𝑎=1

𝐻𝐻𝑗𝑗𝑎𝑎𝑖𝑖𝑎𝑎 〈 𝐻𝐻 |

𝑒𝑒−𝑈𝑈 𝐻𝐻 = �
−1ℰ𝑁𝑁𝑎𝑎

𝑑𝑑𝑆𝑆 exp
𝜆𝜆

det 1 − 𝑆𝑆
1
𝜇𝜇

− 𝑇𝑇𝑇𝑇 𝑆𝑆𝐻𝐻

𝑒𝑒𝑖𝑖𝑗𝑗 : Basis of matrix units for 𝒪𝒪𝑎𝑎𝑎𝑎 ; 𝑒𝑒𝑖𝑖𝑗𝑗∨ is the dual basis 

Ψ𝐻𝐻𝐻𝐻∨ 𝑒𝑒𝑇𝑇 = exp[ 𝜆𝜆/(det 1 − 𝑇𝑇
1
𝜇𝜇 )]

Corollary: 
Related formula in 
Gardiner-Megas
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G- Equivariant Generalization: Finite Groups  

2.  Replace Frobenius algebra by Turaev algebra  𝒞𝒞

3. Sum over bordisms splits into two parts: Sum over 
bundles and sum over topologies of surfaces 

1.  Bordism category: Principal G-bundles 

4. Sum over bundles is gauging. It simply replaces 𝒞𝒞 by ss
Frobenius algebra  𝒞𝒞𝑜𝑜𝑠𝑠𝑎𝑎 and we are back in the previous case. 



Topological Gravity Coupled To 2D  YM   

Morphisms are surfaces with area 𝐴𝐴 ,
which is additive under gluing. 

𝒵𝒵 𝑆𝑆1 = 𝐿𝐿2 𝐺𝐺 𝐺𝐺 ⊗ 𝒞𝒞

ON basis:   𝜒𝜒𝑅𝑅 ⊗ 𝜀𝜀/√𝜃𝜃 𝑅𝑅 ∈ 𝐺𝐺∨:

𝐺𝐺: Compact connected simple Lie group 

𝐺𝐺∨: Unitary dual:  Irreps of 𝐺𝐺



log𝒜𝒜 ∅,∅ = �
0

∞𝑑𝑑𝐴𝐴
𝐴𝐴

𝐴𝐴𝑝𝑝 �
𝑠𝑠=0

∞

�
𝑅𝑅∈𝒢𝒢∨

𝜃𝜃 dim 𝑅𝑅 2 1−𝑠𝑠𝑒𝑒−𝐴𝐴 𝑠𝑠𝑦𝑦𝑚𝑚−2 𝐶𝐶2 𝑅𝑅 +Λ0

Λ0 > 0 Cosmological constant 

𝑝𝑝: Determines the measure for summing over bordisms

Depends on the nature of the quantum gravity we couple to. 



log𝒜𝒜 ∅,∅ = �
0

∞𝑑𝑑𝐴𝐴
𝐴𝐴

𝐴𝐴𝑝𝑝 �
𝑠𝑠=0

∞

�
𝑅𝑅∈𝒢𝒢∨

𝜃𝜃 dim 𝑅𝑅 2 1−𝑠𝑠𝑒𝑒−𝐴𝐴 𝜇𝜇𝐶𝐶2 𝑅𝑅 +𝜇𝜇0

= �
𝑅𝑅∈𝐺𝐺∨

𝜆𝜆𝑅𝑅

Converges for  𝑅𝑅𝑒𝑒 𝑝𝑝 > Δ+ 𝔤𝔤 + 1
2

Expected to admit analytic continuation in 𝑝𝑝

𝜆𝜆𝑅𝑅 =
𝜃𝜃 dim 𝑅𝑅 2

1 − 𝜃𝜃 dim 𝑅𝑅 2 −1
Γ 𝑝𝑝

𝑔𝑔𝑦𝑦𝑚𝑚−2 𝑉𝑉2 𝑅𝑅 + Λ0
𝑝𝑝



Ψ𝐻𝐻𝐻𝐻∨ 𝑒𝑒𝑧𝑧 𝜀𝜀⊗𝑈𝑈 =

strongly suggests there will be factorization with 

𝒲𝒲 = 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 𝑆𝑆1 = 𝑆𝑆∗ 𝐿𝐿2 𝐺𝐺 𝐺𝐺 ⊗ 𝒞𝒞

�
𝑅𝑅∈𝐺𝐺∨

exp[ 𝜆𝜆𝑅𝑅 exp 𝑧𝑧
𝜒𝜒𝑅𝑅 𝑈𝑈

dim 𝑅𝑅
]

Compare with result for semisimple 2d closed case: 

Ψ𝐻𝐻𝐻𝐻∨ 𝑒𝑒𝑧𝑧𝑥𝑥𝜀𝜀𝑥𝑥 = �
𝑥𝑥∈𝒳𝒳

exp 𝜆𝜆𝑥𝑥 exp 𝑧𝑧𝑥𝑥
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VIII.  Comments On 𝑑𝑑 ≥ 3

Can we extend these ideas to d=3 TQFT ? 

Classification of manifolds is  MUCH more difficult !! 

𝒜𝒜 ∅,∅ = exp( �
𝑌𝑌

𝒵𝒵 𝑌𝑌 )

Sum over closed connected 3-folds 𝑌𝑌



That includes the sum over 𝑌𝑌 = 𝑆𝑆1 × Σ𝑠𝑠
𝒵𝒵 𝑌𝑌 = dim𝒵𝒵 Σ𝑠𝑠

For standard fully local TQFT, dim𝒵𝒵 Σ𝑠𝑠 grows with 𝑔𝑔

The sum is irretrievably divergent. 

Can we have dim𝒵𝒵 Σ𝑠𝑠 = 0 for sufficiently large 𝑔𝑔 ? 

Sergei Gukov: No!  
Cut along the boundary of a handlebody for any 𝑔𝑔

If  dim𝒵𝒵 Σ𝑠𝑠 = 0 for  any 𝑔𝑔 then all amplitudes vanish!! 



Is there some way to modify the domain 
and/or codomain categories to produce 

interesting examples for d>2  ? 
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IX.  Summary And Open Problems 

�̅�𝒜 ∈ 𝑉𝑉𝐸𝐸𝑑𝑑 ⊗𝑋𝑋 𝑆𝑆∗(𝒵𝒵 𝑋𝑋 ) ∶= 𝑉𝑉𝐸𝐸𝑑𝑑 𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵

Φ:𝐹𝐹𝑣𝑣𝐹𝐹𝐹𝐹 𝒵𝒵 → 𝒲𝒲
We also worked out some examples for non-semi-simple d=2 TQFT. The splitting persists 

�̅�𝒜 = ΦΦ∗

For suitable parameters of our TQFT, the total amplitude 

Has a splitting: 

Potential conceptual interpretations:  Holography & QMNA 



Extensions of the d=2 results

1.The general non-semisimple case, closed, and open

2. Other tangential structures: Unorientable, (s)pin, … 

3. Topological string theory: �̅�𝒜 ∈ 𝑉𝑉𝐸𝐸𝑑𝑑 𝑆𝑆∗𝐻𝐻𝑞𝑞∗ 𝒳𝒳

4. A splitting formula for JT gravity might have interesting 
implications for the ongoing discussion about the role of ensemb  
averages in AdS/CFT 



Is the existence of a splitting formula deep or a 
trivial consequence of linear algebra ? 

If it doesn’t just follow by linear algebra,
is there an a priori reason why it should hold?  

Rough idea:   The total amplitude is symmetric under exchange 
of all in-going boundaries for all out-going boundaries. 

But any symmetric (f.d. complex) matrix 𝑆𝑆
can be written as  𝑆𝑆 = ΦΦ𝑜𝑜𝑠𝑠



And what to do about 𝑑𝑑 ≥ 3 ??? 

… and before we finish … 

… an advertisement for an upcoming paper
with Roman Geiko and Tom Mainiero



Equivalence of 2-categories of 



Thanks for your attention! 



SUPPLEMENT 1 



A sesquilinear form on 𝑆𝑆∗𝒞𝒞 is defined by  

𝜙𝜙1,𝜙𝜙2 = Ψ𝐻𝐻𝐻𝐻∨ 𝐾𝐾 𝜙𝜙1 𝜙𝜙2

𝜙𝜙 = �
𝑖𝑖=0

∞

𝐹𝐹𝑖𝑖𝜀𝜀𝑖𝑖 → 𝑓𝑓𝜙𝜙 𝑥𝑥 = �
𝑖𝑖=0

∞

𝐹𝐹𝑖𝑖𝑥𝑥𝑖𝑖

𝜙𝜙1,𝜙𝜙2 = �
𝑑𝑑=0

∞
𝜆𝜆𝑑𝑑

𝑑𝑑!
𝑓𝑓1 𝑑𝑑

∗ 𝑓𝑓2 𝑑𝑑

𝐴𝐴𝐸𝐸𝐸𝐸 ⋅,⋅ ≅ A vector space of 
order ≤ 1 entire functions that vanish on ℤ+

MM construction of ``baby universe Hilbert space’’ 



𝑆𝑆∗𝒞𝒞 is viewed as a ∗-algebra.   

MM then imitate the GNS construction and 
define a ``baby universe Hilbert space’’ 

ℋ𝐵𝐵𝑈𝑈 ≔ 𝑆𝑆∗𝒞𝒞/𝐴𝐴𝐸𝐸𝐸𝐸( ⋅,⋅ )

≅ { 𝜉𝜉0, 𝜉𝜉1, … ∈ ℂ∞ | �
𝜆𝜆𝑑𝑑

𝑑𝑑!
𝜉𝜉𝑑𝑑 2 < ∞ }

≅ H.O. representation of Heisenberg algebra𝜆𝜆 > 0

Expectation values in a coherent state are then interpreted as 
stochastic expectations of a ``universe creation operator 𝑍𝑍 ’’ 



Ψ𝐻𝐻𝐻𝐻∨ is viewed as defining an expectation value on polynomials 
in a stochastic variable 𝑍𝑍 on 𝑆𝑆∗𝒞𝒞 where 𝑍𝑍 𝜀𝜀 has the 
interpretation of the partition function of a 1d TQFT chosen 
from an ensemble with Poisson probability distribution 

𝑝𝑝 𝑑𝑑 = 𝑒𝑒−𝜆𝜆
𝜆𝜆𝑑𝑑

𝑑𝑑!

for an ensemble of 1d TQFTs with dim𝑉𝑉 = 𝑑𝑑 .



END OF SUPPLEMENT 1
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VII. Constrained Boundaries & 
An Ensemble Interpretation 

Sum over bordisms ∅ → ∅ with 𝐿𝐿 constrained boundaries of type 𝑎𝑎

MM paper aimed to give an interpretation of the 2d model in terms 
of an ensemble average of 1d models. 

Disconnected 
surfaces +



�̅�𝒜 𝐿𝐿 ∅,∅
�̅�𝒜 ∅,∅

= 𝐵𝐵𝐿𝐿 𝑥𝑥1, … , 𝑥𝑥𝐿𝐿 𝑥𝑥𝑗𝑗 = 𝜃𝜃𝒞𝒞
1

1 − 𝑑
𝐵𝐵𝑎𝑎
𝑗𝑗

𝐵𝐵𝑎𝑎: = 𝜄𝜄𝑎𝑎 1𝒪𝒪𝑎𝑎𝑎𝑎 ∈ 𝒞𝒞

𝑑𝑑𝐷𝐷𝐻𝐻𝒞𝒞 = 1 ∶ 𝐵𝐵𝑎𝑎 =
𝑁𝑁𝑎𝑎
𝜇𝜇

𝜀𝜀



�̅�𝒜 𝐿𝐿 ∅,∅
�̅�𝒜 ∅,∅

=
1
𝜇𝜇

𝐿𝐿

�
𝑑𝑑=0

∞

𝑒𝑒−𝜆𝜆
𝜆𝜆𝑑𝑑

𝑑𝑑!
𝑑𝑑𝑁𝑁𝑎𝑎 𝐿𝐿

=
1
𝜇𝜇

𝐿𝐿

𝒵𝒵 𝑆𝑆1 𝐿𝐿
ℰ

𝒵𝒵 is a stochastic variable on an ensemble ℰ of 1d  
oriented TQFT’s  𝒵𝒵𝑑𝑑 labeled by 𝑑𝑑 ∈ ℤ+ with 

𝑝𝑝 𝒵𝒵𝑑𝑑 = 𝑒𝑒−𝜆𝜆
𝜆𝜆𝑑𝑑

𝑑𝑑!
𝒵𝒵𝑑𝑑 𝑆𝑆1 = dim𝑉𝑉𝑑𝑑 = 𝑑𝑑 𝑁𝑁𝑎𝑎



This suggests it could be interesting to consider 
TQFT’s where the target category is the category of 

f.d. vector bundles over measure spaces
as a way to model ensemble averages of 

field theories. 

It would be interesting to give an ensemble 
interpretation to the full set of open/closed amplitudes. 
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Quantum Systems

Born Rule: 

Set of physical ``states’’

Set of physical ``observables’’

Probability measures on ℝ. 

is the probability that a measurement of the observable O
in the state s has value between r1 and r2 . 



Dirac-von Neumann Axioms

Self-adjoint operators T on Hilbert space 

Density matrices 𝜌𝜌:  Positive trace class 
operators on Hilbert space of trace =1 

Spectral Theorem: There is a one-one correspondence of 
self-adjoint operators T  and projection valued measures: 

Example:  



Continuous Families Of Quantum Systems

Hilbert bundle over 
space X of control 
parameters. 

For each x get a probability measure  ℘𝑥𝑥: 



Noncommutative Control Parameters

We would like to define a family of quantum 
systems parametrized by a NC manifold whose 
``algebra of functions’’ is a general C* algebra 𝔄𝔄

What are observables? 

What are states? 

What is the Born rule? 

What replaces the Hilbert bundle? 

Presenter
Presentation Notes
Stress that amplitudes are elements of a noncommutative algebra so the usual formulae do not immediately generalize. 



Noncommutative Hilbert Bundles
Definition: Hilbert C* module ℰ over C*-algebra 𝔄𝔄. 

Complex vector space ℰ with a right-action of 𝔄𝔄
and an  ``inner product’’ valued in 𝔄𝔄

(Positive element of the C* algebra.) 

Like a Hilbert space, but ``overlaps’’ are valued
in a (possibly) noncommutative algebra. 

Ψ1,Ψ2𝑎𝑎 = Ψ1,Ψ2 𝑎𝑎 ….. 



Quantum Mechanics With 
Noncommutative Amplitudes 

Basic idea: Replace the Hilbert space by a Hilbert C* module 

Overlaps are valued in a possibly noncommutative algebra. 

QM: 

QMNA: 

Presenter
Presentation Notes
Stress that amplitudes are elements of a noncommutative algebra so the usual formulae do not immediately generalize. 



Example 1: Hilbert Bundle Over A 
Commutative Manifold



Example 2: Hilbert Bundle Over A Fuzzy Point

Def:  ``fuzzy point’’ has  



Observables In QMNA

Consider ``adjointable operators’’ 

Definition: QMNA observables
are self-adjoint elements of 𝔅𝔅

(Technical problem: There is no spectral theorem for 
self-adjoint elements of an abstract C* algebra. )

The adjointable operators 
𝔅𝔅 are another C* algebra. 



C* Algebra States
Definition: A C*-algebra state 𝜔𝜔 ∈ 𝒮𝒮(𝔄𝔄)

is a positive linear functional   

d𝜇𝜇 = a positive measure on X: 

𝜌𝜌 = a density matrix

Presenter
Presentation Notes
OK, after many failed attempts to make sense of a Born rule in the context of QMNA I finally decided that a good definition of a QMNA state is the following: 



QMNA States
Definition: A QMNA state is a 
completely positive unital map 

Positive:  

Unital:

Completely positive

``Completely positive’’ comes up naturally both 
in math and in quantum information theory. 

Presenter
Presentation Notes
Say: So now we can move on to the QMNA Born rule.



QMNA Born Rule 
Main insight is that we should regard the Born Rule as a map 

For general 𝔄𝔄 the datum 𝜔𝜔 ∈ 𝒮𝒮(𝔄𝔄) together 
with complete positivity of 𝜑𝜑 give just the right 
information to state a Born rule in general:  

Presenter
Presentation Notes
Just say that this works very well with the case of a commutative base. 



Family Of Quantum Systems Over A Fuzzy Point

QMNA 
state: 

``A NC measure 𝜔𝜔 ∈ 𝒮𝒮(𝔄𝔄)’’  is equivalent to a density matrix 𝜌𝜌𝐴𝐴 on ℋA



Quantum Information Theory
& Noncommutative Geometry

Last expression is the measurement by Bob of 
T in the state 𝜌𝜌𝐴𝐴 prepared by Alice and sent to 
Bob through quantum channel ℰ. 
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