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Quasicrytals

A quasicrystal is an ordered solid that is not periodic, even
approximately. (True crystals have small numbers of crystal defects
that break periodicity, but these are a relatively small perturbation
on a basically periodic structure.) Existence of quasicrystals
became apparent in the early 1980’s, and led to Dan Shechtman’s
winning the Nobel Prize in Chemistry in 2011.

Figure: An Al-Mn alloy, from Shechtman-Blech, Metall. Trans., 1985
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The Classical Bloch Theorem

In an actual (perfect) crystal, Bloch’s Theorem asserts that the
electron wave functions can be expanded in energy eigenstates
which have the form ψ(r) = e ik·ru(r), where u is periodic with
respect to the crystal lattice and k is periodic with respect to the
dual lattice, and so runs over a dual torus called the Brillouin zone.
One also sees sharp Bragg peaks in the X-ray diffraction spectrum,
in a pattern characteristic of the crystal structure, and energy
spectra that can be understood in terms of the density of states.
Our topic today is motivated by trying to find analogues of all
these concepts from condensed matter physics for non-periodic
materials like quasicrystals. The key idea, developed originally by
Jean Bellissard and others under the influence of Alain Connes, is
to replace the classical geometry of the Brillouin zone with
noncommutative geometry.
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Tilings

Our mathematical model for quasicrystals will use tilings, which
are considerably more flexible than crystals (periodic tilings). We
consider tilings of Rd by polytopes called tiles, satisfying the
following basic axioms which are by now fairly standard:

1 There are only finitely many types of tiles up to translations.
in particular, each tile can occur in only finitely many
orientations.

2 The tiles cover Rd and two tiles can meet only full-face to
full-face.

3 The tiling satisfies finite local complexity, i.e., only finitely
many configurations (up to translation) can occur in a ball of
fixed radius.
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Tiling Spaces

Given a tiling T satisfying the axioms on the previous slide, one
can form the associated tiling space Ω = ΩT , which is the
collection of all possible tilings T ′ of Rd that can be formed from
the same tiles, so that every local patch of T ′ (configuration of
tiles inside a ball) is a translate of a patch of T ′. Note that Rd

acts on Ω by translations. Finite local complexity implies that Ω is
compact. Unique ergodicity, at least for Delone multisets, turns
out to be equivalent to uniform cluster frequencies [Lee, Moody,
and Solomyak, 2002].

Theorem (Sadun-Williams (2003, ETDS))

Under our assumptions, Ω is homeomorphic (in a way preserving
the Rd -orbits, though not necessarily equivariantly) to the total
space of a fibration N → Ω→ Td , with N totally disconnected. N
is finite when the tiling is periodic. The Rd -orbits are the leaves of
the foliation lifted from the base.
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Topology of the Tiling Space

The next step is to understand the geometry of Ω as a foliated
space. We can assume that Ω ∼= N ×Zd Rd as an Rd -space, with
N totally disconnected (almost always a Cantor set) and equipped
with a Zd -action, even though this may not be exactly true, since
there is an induced action of this type with the same Rd -orbits.

Theorem

With Ω ∼= N ×Zd Rd for some totally disconnected compact space

N with Zd -action, Ȟ
k

(Ω; G ) ∼= Hk(Zd ,C∞(N,G )) for 0 ≤ k ≤ d

and G = Z or R, and vanishes for k > d. Ȟ
d

(Ω; G ) can also be
identified with the coinvariants C∞(N,G )Zd .

On a totally disconnected space, a continuous function is called
C∞ if it’s locally constant. This terminology arises in analysis on
p-adic groups.
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Foliated Geometry of the Tiling Space

Aside from the Čech cohomology of Ω, we have other invariants
arising from viewing Ω as a foliated space locally homeomorphic to
X × Rd , where X is totally disconnected (usually a Cantor set).
For example we have the tangential cohomology H•τ , the
cohomology of the tangential de Rham complex of forms that are
smooth in the leaf direction and only continuous in the transverse
direction.

This is the same as the sheaf cohomology of the sheaf of
germs of continuous functions locally constant in the leaf direction,
whereas Ȟ (Ω;R) is the sheaf cohomology of the constant sheaf.
So the obvious sheaf map gives a comparison map
s : Ȟ

•
(Ω;R)→ H•τ (Ω).

Theorem

The comparison map s can be identified with the map on group
cohomology for the group Zd induced by the inclusion
C∞(N) ↪→ C (N). As such, it has dense image for the natural
topology on H•τ , which might, however, not be Hausdorff.
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Transverse Measures

To use the foliated geometry to get numerical invariants such as
the integrated density of states, one needs a way of integrating on
Ω. The appropriate concept is that of invariant transverse
measure, which when Ω ∼= N ×Zd Rd is equivalent to a
Zd -invariant measure on N. These are the same as linear
functionals on the maximal Hausdorff quotient of Hd

τ (Ω) or of
C (N)Zd . When the action is uniquely ergodic, which is usually the
case in the presence of uniform cluster frequencies, then there is a
unique invariant measure, C (N)Zd is one-dimensional, and the
top-degree comparison map

s : Ȟ
d

(Ω;R) ∼= C∞(N)Zd → C (N)Zd

is surjective.

Attached to an invariant transverse measure is a closed
Ruelle-Sullivan current, which defines a class in the (Hausdorff
continuous) dual Hτ

k (Ω) to Hk
τ (Ω). In fact Hk

τ (Ω) can be identified
with the vector space of (signed) invariant transverse measures.
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Traces

In what follows, we’ll make the assumption, satisfied in all cases of
interest, that the holonomy cover of each leaf in Ω is simply
connected. Then the C ∗-algebra of the foliated space is
C (Ω) oRd , Morita equivalent to C (N) o Zd . By Connes’ “Thom
isomorphism,” K0(C (Ω) oRd) ∼= K−d(C (Ω)) ∼= Kd(Ω). If we fix
an invariant transverse measure ν, it defines a Ruelle-Sullivan
current Cν and a trace trν on the foliation C ∗-algebra, hence a
K -theory trace (trν)∗ : K0(C (Ω) oRd)→ R or Kd(Ω)→ R.
There is also a cohomology trace Hd

τ (Ω;R)→ R which comes
from pairing tangential d-forms on Ω with the current Cν . While
the definitions of these two maps are totally different, an
application of the index theorem for foliations gives:
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Main Theorem

Theorem

In the above situation, the diagram

K0(C (Ω) oRd)
Chd ◦ϕ //

(trν)∗
��

Ȟ
d

(Ω;R)

trc
��

R R

commutes. Here ϕ : K0(C (Ω) oRd)
∼=−→ Kd(Ω) is the inverse of

the Connes Thom isomorphism, Chd is the partial Chern character

Kd(Ω)→ Ȟ
d

(Ω;R), and trc is the natural map

s : Ȟ
d

(Ω;R)→ Hd
τ (Ω), followed by the cohomology trace.
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The Gap Labeling Problem

Let’s get back to the original physical problems that motivated all
of this. In a quasicrystal, material properties are governed by the
spectrum of the Schrödinger operator with a quasiperiodic
potential based on the underlying tiling. Of special importance are
the gaps in the spectrum, as these determine things like the
conduction bands, magnetic property, specific heat, etc. This is
often called the dynamical spectrum. Since bounded continuous
functions of the Schrödinger operator, and in particular, spectral
projections associated to any pure point spectrum, basically live in
the tiling C ∗-algebra, one is led to trying to understand K0 of this
C ∗-algebra and its image under the K -theory trace. This is often
called the Gap Labeling Problem.

Another related, but different,
problem, is trying to determine the Bragg peaks of the diffraction
spectrum, which are basically the dots that show up in a picture
like the one found by Shechtman et al .
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The Gap Labeling Conjecture

A major step toward organizing what one can say about the Gap
Labeling Problem, based on low-dimensional explicit calculations,
was the Gap Labeling Conjecture of Bellissard. This says the
following:

Conjecture (Bellissard)

In our context, given an invariant transverse measure ν, the image
of the K -theory trace

(trν)∗ : K0(C (Ω) oRd) ∼= K0(C (N) o Zd)→ R

coincides with its restriction to the abelian subalgebra C (N), which
of course is just ν(C (N,Z)).

This was proved by Bellissard and his collaborators for d ≤ 3.
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The Gap Labeling Conjecture (cont’d)

Around 2003, three papers, written independently and
simultaneously, were published, claiming a proof of the general
case. While all of these proofs have useful intermediate steps in
them, they also all contain the same underlying mistake. The
correct statement, for which we don’t claim any great originality,
since it was “known” but not written down explicitly, can be
obtained from our Main Theorem above.

Theorem

The image of the K -theory trace K0(C (N) o Zd)→ R coincides
with the image of the cohomology trace on Chd(Kd(Ω)), where

recall that Chd sends Kd(Ω) into Ȟ
d

(Ω;Q), which we can map to
Hd
τ (Ω). Thus if the Chern character happens to land in

Ȟ
d

(Ω;Z) ∼= C (N,Z)Zd , then the Gap Labeling Conjecture holds
for Ω.
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Subtlety of the Problem

This theorem reduces the Gap Labeling Conjecture to a problem in
topology, namely the integrality of the image of the Chern
character. This always holds for d ≤ 3 but fails for some compact
spaces of dimension ≥ 4, e.g., CP2. However, no explicit example
of a tiling space with non-integral Chern character is known at
present. What is true is that one can control the denominators in
the Chern character to some extent, so that one has for example:

Proposition

The top degree part of the Chern character Kd(Ω)→ Ȟ
d

(Ω;Q) is
integral after multiplying by dd2 e! .
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1D Tilings

For 1-dimensional tilings, say with 2 kinds of tiles, which can just
be regarded as infinite strings · · · abaabbbab · · · , it is easy to make
explicit calculations of the Čech cohomology and the diffraction
spectrum. Two classes of such 1D tilings have been studied in
detail: “cut and project” tilings and substitution tilings. For the
“cut and project” algorithm, which yields quasiperiodic tilings, one
starts with a priodic lattice in a higher-dimensional space and
projects down the lattice points within a certain “band.” Here is a
picture from A. Julien, ETDS 2010:
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1D Tilings (cont’d)

Another class of 1D tilings are “substitution tilings,” where one
starts with a word in the alphabet a, b and makes repeated
substitutions according to a deterministic rule, e.g,
σ : a 7→ aba, b 7→ ab. In this case the main properties of the tiling
are determined by the eigenvalues of the substitution matrix

M =

(
α β
γ δ

)
defined by σ(a) = aαbβ and σ(b) = aγbδ (ignoring the order of

letters). So in the example just given, M =

(
2 1
1 1

)
, with

eigenvalues (3±
√

5)/2.
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Results for 1D Tilings

Here is a summary of calculations for a representative set of 1D

tilings. We have indicated the Čech cohomology Ȟ
1

(Ω;Z) and the
nature of the diffraction spectrum, pure-point (PP), absolutely
continuous (AC) and singular continuous (SC). These are all cases
where the Gap Labeling Conjecture holds and the system is
uniquely ergodic, so that there is a unique choice of invariant
transverse measure. λ = (

√
5 + 1)/2 is the golden ratio.

Family Ȟ
1
(Ω;Z) Diffraction peaks Spectrum

Periodic Z kn = n PP

Fibonacci Z2 p + q/λ PP

Thue-Morse Z⊕ Z
[
1
2

]
1

2n+1
m
2N

SC+PP

Period Doubling Z⊕ Z
[
1
2

]
m
2N

PP

Rudin-Shapiro Z⊕ Z
[
1
2

]
⊕ Z2

[
1
2

]
— AC
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Results for 1D Tilings (cont’d)

Family Range of trace

Periodic Z
Fibonacci Z + λ−1Z
Thue-Morse 1

3 Z
[
1
2

]
Period Doubling 1

3 Z
[
1
2

]
Rudin-Shapiro Z

[
1
2

]

The following pictures illustrate the energy spectrum for a discrete
approximation to the Schrödinger operator.

Figure: Energy spectrum for a periodic tiling
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More Energy Spectra

Figure: Energy spectrum for the Fibonacci tiling

Figure: Energy spectrum for the Thue-Morse tiling
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